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ABSTRACT
We construct the Lagrangeans of N = 3 and N = 4 two-form supergravi-
ties. The two-form gravity theories are classically equivalent to the Einstein
gravity theories and can be formulated as gauge theories. The gauge alge-
bras used here can be identified with the subalgebra of N = 3 superconformal
algebra and SU(2)×SU(2)×U(1)-extended N = 4 superconformal algebra.
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1
It should be natural to regard the Einstein gravity theory as an effec-
tive theory of a more fundamental theory e.g. superstring theory since the
Lagrangean of the Einstein gravity is not renormalizable. Two-form gravity
theory is classically equivalent to the Einstein gravity theory and appeared
as the Lagrangean formalism of the Ashtekar formulation [1]. The two-form
gravity is obtained from the BF theory [2], which is a topological field the-
ory, by imposing constraint conditions [3]. The BF theory has a large local
symmetry called the Kalb-Ramond symmetry [4]. Since the Kalb-Ramond
symmetry is very stringy symmetry, the fundamental gravity theory is ex-
pected to be a kind of string theory [5].
The two-form supergravity theory was considered in Ref.[6] and the two-
form supergravity theories which have a cosmological term and N = 2 su-
persymmetry were proposed in Ref.[7]. The group theoretical structure of
these supergravity theories was discussed in Refs.[8, 9] and it was clarified
that N = 1 and N = 2 two-form supergravity theories can be formulated
as gauge theories. The gauge algebras are the subalgebras of N = 1 and
N = 2 Neveu-Schwarz algebaras whose generators are (L0, L±1, G± 1
2
) and
(L0, L±1, G
±
± 1
2
, J0), respectively. Then it might be natural to expect that
N = 3 and N = 4 two-form supergravities can be formulated as the gauge
theories whose gauge algebras are the subalgebras of N = 3 and N = 4
[10, 11] Neveu-Schwarz algebra. In this paper, we construct the Lagrangean
of N = 3 and N = 4 two-form supergravity based on the subalgebra of
SU(2)×SU(2)×U(1)-extended N = 4 superconformal (Neveu-Schwarz) al-
gebra [11], which is known to be an irreducible algebra containing the largest
number of supercurrents.
The SU(2) × SU(2) × U(1)-extended N = 4 superconformal (Neveu-
Schwarz) algebra is composed of Virasoro operators, four supercurrents, two
SU(2) currents, four free fermion currents and U(1) current (free boson).
The zero modes of two SU(2) currents, ±1
2
-modes of four supercurrents and
0,±1-modes of Virasoro generators make a closed subalgebra, which we call
N = 4 topological superalgebra (N = 4 TSA) and can be expressed as follows
[Aa, Ab] = iǫabcAc , [Ba, Bb] = iǫabcBc , [T a, T b] = iǫabcT c ,
[Aa, Bb] = [Ba, T b] = [T a, Ab] = 0 ,
[GKLA, A
a] = T a MK GMLA , [GKLA, B
a] = T a ML GKMA ,
[GKLA, T
a] = T a BA GKLB ,
2
{GKLA, GMN B} = αT
a
KMǫLN ǫABA
a + βǫKMT
a
LN ǫABB
a
+ǫKMǫLNT
a
ABT
a . (1)
Here A,B, · · · , K, L, · · · = 1, 23, a, b, · · · = 1, 2, 3,
T a BA =
1
2
σa BA (2)
(σa’s (a = 1, 2, 3) are the Pauli matrices.)
T aAB ≡ ǫBCT
a C
A
T aAB ≡ ǫACT a BC (3)
and
ǫAB = −ǫBA
ǫAB = −ǫBA
ǫ12 = ǫ21 = 1 . (4)
In the above algebra (1), Aa and Ba correspond to the zero modes of two
SU(2) currents, GKLA to ±
1
2
-modes of four supercurrents and T a to 0,±1-
modes of Virasoro operators in the SU(2) × SU(2) × U(1)-extended N = 4
superconformal (Neveu-Schwarz) algebra. The Jacobi identity
[GKLA, {GMN B, GPQC}] + [GMN B, {GPQC , GKLA}]
+[GPQC , {GKLA, GMN B}] = 0 (5)
requires
α + β + 1 = 0 . (6)
The invariant traces of the product of the two operators can be defined, up
to a multiplicative constant, to be
trT aT b = δab , trAaAb =
1
α
δab , trBaBb =
1
β
δab
trGKLAGMN B = −ǫKM ǫLNǫAB . (7)
3 We use A,B, · · · as spinor indices with respect to SU(2) generated by T a and K,L, · · ·
with respect to two SU(2)’s generated by Aa and Ba.
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The N = 4 TSA contains an algebra which has three supercurrents as a
subalgebra. We call the algebra as N = 3 topological superalgebra (N = 3
TSA). The reduction to N = 3 TSA from N = 4 TSA is given by
GaA ≡ T
aKLGKLA , J
a ≡ Aa + Ba ,
α = β = −
1
2
. (8)
The N = 3 TSA is
[Ja, J b] = iǫabcJc , [T a, T b] = iǫabcT c ,
[Ja, GbA] = iǫ
abcGcA , [G
a
A, T
b] = T a BA G
b
B ,
{GaA, G
b
B} =
i
8
ǫabcǫABJ
c −
1
2
δabT cABT
c (9)
and the invariant traces are
trT aT b = δab , trJaJ b = −4δab , trGaAG
b
B =
1
2
δabǫAB . (10)
As we will see later, GKLA and G
a
A generate left-handed supersymmetry.
Two-form gravity theory is obtained from the BF theory by imposing
constraint conditions [3]. In order to keep the symmetries given by N = 3
or N = 4 TSA when imposing the constraints, we introduce the multiplier
fields later. The N = 3 or N = 4 TSA multiplet of the multiplier field needs
to contain a field of spin 2 representation with respect to SU(2) generated
by T a. The representations containing the higher spins can be constructed
by using a tensor product, where T a etc. are replaced by T a⊗1+1⊗T a etc.
[9]. In case of N = 4 TSA, such a multiplet is given by
MABCD = T
a
(ABT
b
CD)T
a ⊗ T b ,
NKLABC = T
a
(AB(GKLC) ⊗ T
a + T a ⊗GKLC)) ,
Kab(α) = α(Aa ⊗ T b + T b ⊗ Aa) + 2T aKMǫLNT bABGKLA ⊗GMN B ,
Kab(β) = β(Ba ⊗ T b + T b ⊗ Ba) + 2ǫKMT aLNT bABGKLA ⊗GMN B ,
LKLA =
2
3
(α− β)T a BA (GKLB ⊗ T
a + T a ⊗GKLB)
+2αT a MK (GMLA ⊗A
a + Aa ⊗GMLA)
−2βT a NL (GKN A ⊗B
a +Ba ⊗GKN A) ,
4
H =
1
3
(α− β)T a ⊗ T a + α2Aa ⊗ Aa − β2Ba ⊗ Ba
+
1
2
(α− β)ǫKMǫLN ǫABGKLAGMN B . (11)
Here (AB · · ·D) means a symmetrization with respect to AB · · ·D which are
indices of SU(2) generated by T a. The multiplet in N = 3 TSA is also given
by,
MABCD = T
a
(ABT
b
CD)T
a ⊗ T b ,
NaABC = T
b
(AB(G
a
C) ⊗ T
b + T b ⊗GaC)) ,
Kab =
1
2
(Ja ⊗ T b + T b ⊗ Ja) + 4iǫacdT bABGcA ⊗G
d
B ,
LA = (G
a
A ⊗ J
a + Ja ⊗GaA) . (12)
(MABCD, NKLABC , K
ab(α), Kab(β), LKLA, H) makes a representation of
N = 4 TSA. The (anti-) commutators of GKLA with (MABCD, NKLABC ,
Kab(α), Kab(β), LKLA, H) are given by
4
[GKLA,MBCDE ] = −
1
2
ǫA(BNKLCDE) ,
{GKLA, NMN BCD} = −T
a
KMǫLNǫA(BT
b
CD)K
ab(α)
−ǫKMT
a
LNǫA(BT
b
CD)K
ab(β) + 2ǫKMǫLNMABCD ,[
GKLA, K
ab(α)
]
= T a MK T
b B
A LMLB − 2(α− 1)T
a M
K T
aBCNMLABC ,[
GKLA, K
ab(β)
]
= −T a NL T
b B
A LKN B − 2(β − 1)T
a N
L T
aBCNKN ABC ,
{GKLA, LMN B} = ǫKMǫLN ǫABH +
4
3
(α + 2)T aKMǫLNT
b
ABK
ab(α)
−
4
3
(β + 2)ǫKMT
a
LNT
b
ABK
ab(β) ,
[GKLA, H ] = −
1
4
LKLA . (13)
In case of N = 3 TSA, the (anti-)commutaters of GaA with (MABCD, N
a
ABC ,
Kab, LA) are given by
[GaA,MBCDE ] = −
1
2
ǫA(BN
a
CDE) ,
4 GKLA in Equation (13) is understood to be GKLA ⊗ 1 + 1⊗GKLA.
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{GaA, N
b
BCD} = −
i
4
ǫabcǫA(BT
d
CD)K
cd −
1
2
δabMABCD ,[
GaA, K
bc
]
= −
1
2
δabT c BA LB + 3iǫ
abdT cBCNdABC ,
{GaA, LB} = −T
b
ABK
ab . (14)
In the following, we call the representations given by (MABCD, NKLABC ,
Kab(α), Kab(β), LKLA, H) or (MABCD, N
a
ABC , K
ab, LA) as N = 4 or N =
3 spin 2 representation since the highest spin with respect to T a in the
representation is 2.
In order to construct the Lagrangeans of N = 3 and N = 4 two-form
supergravity theories, we introduce the gauge field Vµ. In case of N = 4
TSA, the gauge field is defined by
Vµ = A
a
µA
a +BaµB
a + ψKLAµ GKLA + ω
a
µT
a . (15)
N = 3 TSA gauge field is also defined by
Vµ = A
a
µJ
a + ψaAµ G
a
A + ω
a
µT
a . (16)
ωaµ is identified with left-handed spin connection and ψ
ABC
µ and ψ
aA
µ are with
the left-handed Rarita-Schwinger fields. The field strength (gauge curvature)
Rµν = [∂µ + Vµ, ∂ν + Vν ] (17)
has the following form in case of N = 4 TSA
Rµν = {∂µA
a
ν − ∂νA
a
µ + iǫ
abcAbµA
c
ν − αT
a
KMǫLNǫABψ
KLA
µ ψ
MN B
ν }A
a
+{∂µB
a
ν − ∂νB
a
µ + iǫ
abcBbµB
c
ν − βǫKMT
a
LN ǫABψ
KLA
µ ψ
MN B
ν }B
a
+{∂µψ
KLA
ν − ∂νψ
KLA
µ + T
a A
B (ω
a
µψ
KLB
ν − ω
a
νψ
KLB
µ )
+T a KM (A
a
µψ
MLA
ν −A
a
νψ
MLA
µ )
+T a LN (B
aψKN Aν − B
a
νψ
KN A
µ )}GKLA
+{∂µω
a
ν − ∂νω
a
µ + iǫ
abcωbµω
c
ν − ǫKMǫLNT
a
ABψ
KLA
µ ψ
MN B
ν }T
a ,(18)
and N = 3 TSA
Rµν = {∂µA
a
ν − ∂νA
a
µ + iǫ
abcAbµA
c
ν −
i
8
iǫabcǫABψ
bA
µ ψ
cB
ν }J
a
+{∂µψ
aA
ν − ∂νψ
aA
µ + T
b A
B (ω
b
µψ
aB
ν − ω
b
νψ
aB
µ )
+iǫabc(Abµψ
cA
ν − A
b
νψ
cA
µ )}G
a
A
+{∂µω
a
ν − ∂νω
a
µ + iǫ
abcωbµω
c
ν +
1
2
T aABψ
bA
µ ψ
bB
ν }T
a . (19)
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We also introduce the two-form field Xµν ; in case of N = 4 TSA
Xµν = Θ
a
µνA
a +ΠaµνB
a + χKLAµν GKLA + Σ
a
µνT
a (20)
and in case of N = 3 TSA
Xµν = Π
a
µνJ
a + χaAµνG
a
A + Σ
a
µνT
a . (21)
We also need multiplier field. In case of N = 4, the multiplier field has
the following form
Φ = φABCDMABCD + κ
KLABCNKLABC
+λabKab(α) + ξabKab(β) + ζKLALKLA + ρH , (22)
and in case of N = 3 TSA
Φ = φABCDMABCD + κ
aABCNaABC + λ
abKab + ζALA . (23)
The Lagrangeans of N = 3 and N = 4 two-form supergravity have the
following form
L = ǫµνρσ {trRµνXρσ + ΛtrXµνXρσ + trΦ(Xµν ⊗Xρσ)} . (24)
Here Λ is a cosmological constant. In the component fields, the terms in the
Lagrangean of N = 4 two-form supergravity are given by5
trRµνXρσ =
1
α
{∂µA
a
ν − ∂νA
a
µ + iǫ
abcAbµA
c
ν
−αT aKMǫLN ǫABψ
KLA
µ ψ
MN B
ν }Θ
a
ρσ
+
1
β
{∂µB
a
ν − ∂νB
a
µ + iǫ
abcBbµB
c
ν
−βǫKMT
a
LNǫABψ
KLA
µ ψ
MN B
ν }Π
a
ρσ
+ǫKP ǫLQǫAC{∂µψ
KLA
ν − ∂νψ
KLA
µ
5 Let Qi’s be the generators of N = 4 or N = 3 TSA, then the trace for the two tensor
products are defined by
tr(Q1 ⊗Q2)(Q3 ⊗Q4) ≡ (−1)
s23trQ1Q3trQ2Q4 .
Here s23 = 1 if both of Q2 and Q3 are G
a
A or GKLA, otherwise s23 = 0.
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+T a AB (ω
a
µψ
KLB
ν − ω
a
νψ
KLB
µ )
+T a KM (A
a
µψ
MLA
ν − A
a
νψ
MLA
µ )
+T a LN (B
aψKN Aν −B
a
νψ
KN A
µ )}χ
PQC
ρσ
+{∂µω
a
ν − ∂νω
a
µ + iǫ
abcωbµω
c
ν
−ǫKMǫLNT
a
ABψ
KLA
µ ψ
MN B
ν }Σ
a
ρσ , (25)
trXµνXρσ =
1
α
ΘaµνΘ
a
ρσ +
1
β
ΠaµνΠ
a
ρσ + ǫKMǫLN ǫABχ
KLA
µν χ
MN B
ρσ
+ΣaµνΣ
a
ρσ , (26)
trΦ(Xµν ⊗Xρσ) = φ
ABCDT a(ABT
b
CD)Σ
a
µνΣ
b
ρσ
+ǫKMǫLNT
a
(ABǫC)Dκ
KLABC(χMN Dµν Σ
a
ρσ + Σ
a
µνχ
MN D
ρσ )
+ξab{ΘaµνΣ
b
ρσ + Σ
b
µνΘ
a
ρσ − 2T
a
KMǫLNT
b
ABχ
KLA
µν χ
MN B
ρσ }
+λab{ΠaµνΣ
b
ρσ + Σ
b
µνΠ
a
ρσ − 2ǫKMT
a
LNT
b
ABχ
KLA
µν χ
MN B
ρσ }
−ζKLA{
2
3
(α− β)ǫKMǫLNT
a
AB(χ
MN B
µν Σ
a
ρσ + Σ
a
µνχ
MN B
ρσ )
+2T aKMǫLN ǫAB(χ
MN B
µν Θ
a
ρσ +Θ
a
µνχ
MN B
ρσ )
−2ǫKMT
a
LNǫAB(χ
MN B
µν Π
a
ρσ +Π
a
µνχ
MN B
ρσ )}
+ρ{
1
3
(α− β)ΣaµνΣ
a
ρσ +Θ
a
µνΘ
a
ρσ −Π
a
µνΠ
a
ρσ
−
1
2
(α− β)ǫKMǫLNǫABχ
KLAχMN B} , (27)
and that of N = 3 two-form supergravity
trRµνXρσ = −4{∂µA
a
ν − ∂νA
a
µ + iǫ
abcAbµA
c
ν
−
i
8
iǫabcǫABψ
bA
µ ψ
cB
ν }Π
a
ρσ
−
1
2
ǫAC{∂µψ
aA
ν − ∂νψ
aA
µ + T
b A
B (ω
b
µψ
aB
ν − ω
b
νψ
aB
µ )
+iǫabc(Abµψ
cA
ν − A
b
νψ
cA
µ )}χ
aC
ρσ
+{∂µω
a
ν − ∂νω
a
µ + iǫ
abcωbµω
c
ν
+
1
2
T aABψ
bA
µ ψ
bB
ν }Σ
a
ρσ , (28)
trXµνXρσ = −4Π
a
µνΠ
a
ρσ −
1
2
ǫABχ
aA
µνχ
aB
ρσ + Σ
a
µνΣ
a
ρσ , (29)
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trΦ(Xµν ⊗Xρσ) = φ
ABCDT a(ABT
b
CD)Σ
a
µνΣ
b
ρσ
−
1
2
κaABCT b(ABǫC)D(χ
aD
µν Σ
b
ρσ + Σ
b
µνχ
aD
ρσ )
+λab{−2(ΠaµνΣ
b
ρσ + Σ
b
µνΠ
a
ρσ) + iǫ
acdT bABχ
cA
µνχ
dB
ρσ }
+2ǫABζ
A(χaBµνΠ
a
ρσ +Π
a
µνχ
aB
ρσ ) . (30)
The integration of the multiplier field φABCD gives a constraint
ǫµνρσT a(ABT
b
CD)Σ
a
µνΣ
b
ρσ = 0 , (31)
which can be solved by introducing the vierbein field enν
Σaµν = η
a
mne
m
µ e
n
ν . (32)
Here ηamn is called the ’t Hooft symbol and defined by{
ηabc = ǫ
abc
ηa4b = −η
a
b4 = δ
ab . (33)
The equation of motion which is obtained from the variation of ωaµ can be
solved with respect to ωaµ algebraically, i.e., ω
a
µ becomes a dependent field.
The constraints given by the integration of κKLABC in N = 4 case
ǫµνρσT a(ABǫC)D(χ
MN D
µν Σ
a
ρσ + Σ
a
µνχ
MN D
ρσ ) = 0 , (34)
and κaABC in N = 3 case
ǫµνρσT b(ABǫC)D(χ
aD
µν Σ
b
ρσ + Σ
b
µνχ
aD
ρσ ) = 0 , (35)
are solved by introducing the right-handed Rarita-Schwinger field ψKLA˙µ and
ψaA˙µ if we assume Eq.(32)
χMN Dµν = e
m
µ σ
A
m B˙
ψMN B˙ν − e
m
ν σ
A
m B˙
ψMN B˙µ , (36)
χaDµν = e
m
µ σ
A
m B˙
ψaB˙ν − e
m
ν σ
A
m B˙
ψaB˙µ . (37)
By counting the degrees of the freedom, we find that other constraints given
by λab, ξab, ζKLA, ρ (N = 4 case) and λab, ζA (N = 3 case) can be also solved.
The constraints given by ζKLA and ζA tell that all of the 4× 8 (N = 4 case)
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or 3×8 (N = 3 case) components of the right-handed Rarita-Schwinger field
are not independent but only 4× 6 or 3× 6 ones are independent.
The existence of the right-handed Rarita-Schwinger field implies that the
system has the right-handed supersymmetry. The right-handed supersym-
metry appears as the residual symmetry of the Kalb-Ramond symmetry in
the BF theory after imposing the constraint conditions [9]. The Lagrangean
of the BF theory has the following form
LBF = ǫ
µνρσ {trRµνXρσ + ΛtrXµνXρσ} . (38)
The Lagrangean (38) has the large local symmetry which is called the Kalb-
Ramond symmetry. The transformation law of the Kalb-Ramond symmetry
is given by
δKRAµ = −ΛCµ ,
δKRXµν =
1
2
(DµCν −DνCµ) . (39)
Here the parameter of the transformation Cµ is in the same representation of
N = 3 or N = 4 TSA gauge field and the covariant derivative Dµ is defined
by
Dµ · = [∂µ + Vµ, · ] . (40)
Now we consider the Kalb-Ramond like transformation for the Lagrangean
(24):
δKRAµ = −ΛCµ − Φ× Cµ ,
δKRXµν =
1
2
(DµCν −DνCµ) . (41)
Here the product R×S of two operators R =
∑
ij rijQ
i⊗Qj and S =
∑
i siQ
i
(Qi’s are the generators of N = 4 or N = 3 TSA), is defined by
R× S ≡
∑
ijk
rjksig
ijQk . (42)
Here gij is defined by the trace of the two operators gij ≡ trQiQj in Equation
(7) or (10). Then the change of the Lagrangean (24) is given by
δKRL = −ǫ
µνρσtrDµΦ(Cν ⊗Xρσ) + total derivative . (43)
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This tells that the Lagrangean (24) is invariant if
ǫµνρσ(Cν ⊗Xρσ)|N = 3 or N = 4 spin 2 representation part = 0 . (44)
Equation (44) does not have solution in general, which can be found by the
counting of the degrees of freedom. If we assume, however, that the two-form
field Xµν satisfies the constraints given by the multiplier field Φ, there is a
unique solution,6
Cµ = Xµνv
ν . (45)
Here vν is an arbitrary vector field parameter. The Kalb-Ramond like trans-
formation (41) given by (45) contains the general coordinate transformation.
Now we consider the case where vµ is given by
vµ =
{
ǫKMǫLNε
KLA˙σν
A˙A
χMN A µν (N = 4)
εaA˙σν
A˙A
χaA µν (N = 3)
. (46)
Here εKLA˙ and εaA˙ are right-handed spinors. Since the vector parameter
vµ is field dependent, vµ is transformed by the left-handed supersymmetry
transformation, which is generated by ηKLAGKLA or η
aAGaA (η
KLA and ηaA
are left-handed spinor parameters), as follows
vµ → vµ + δvµ , δvµ ∼
{
ǫKMǫLNε
KLA˙σ
µ
A˙A
ηMN A (N = 4)
εaA˙σ
µ
A˙A
ηaA (N = 3)
. (47)
Therefore the commutator of the left-handed supersymmetry transformation
and the Kalb-Ramond like transformation (41) whose parameter is given
by Eqs.(45) and (46) contains the general coordinate transformation whose
parameter is given by (47). The commutator corresponds to the usual com-
mutator of two supercharge:
[ǫQ, ηQ] = ǫ¯γµηPµ . (48)
This tells that the Kalb-Ramond like transformation given by Eqs.(41), (45)
and (46) can be regarded as the right-handed supersymmetry.
6 In this sense, the “symmetry” discussed in the following is not the real symmetry.
The “symmetry” expresses the redundancy when we write the two-form field Xµν by the
vierbein etc. after solving the constraints given by the multiplier field Φ. Therefore the
“symmetry” can be regarded as a kind of hidden local symmetry.
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In summary, we have constructed the Lagrangeans of N = 3 and N = 4
two-form supergravities as gauge theories. The gauge algebras used here can
be identified with the subalgebra of SU(2)× SU(2)× U(1)-extended N = 4
superconformal algebra. We have also shown that the right-handed super-
symmetry appears as the residual symmetry of the Kalb-Ramond symmetry
in the BF theory after imposing the constraint conditions.
We are indebted to A. Sugamoto for the discussion and the reading the
manuscript.
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